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Abstract

We propose a new unconstrained maximization approach to approximate the value and pol-

icy function in the single-agent dynamic programming context. Our method extends Howard’s

policy iteration into approximate dynamic programming via successively optimizing over the

value or policy function in an unconstrained maximization problem. Our algorithm is flex-

ible, allowing researchers to choose which part to approximate while solving the other part

exactly. This flexibility enables researchers to utilize the characteristics of a specific problem.

When polynomial approximations are adopted, the objective function is concave across various

models, and we show that our algorithm is hill-climbing with a convergence guarantee under

concavity. Additionally, a lower and upper bound for a weighted average value function can be

obtained following a slight adjustment of our method. Simulations on a bus engine replacement

problem and a stochastic growth model demonstrate that our algorithm provides significant

computational gains, especially with a large state space and without high-speed computing de-

vices.
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1 Introduction and Literature Review

Dynamic programming furnishes researchers in economics and business with a convenient frame-

work for solving forward-looking agents’ problems. In the infinite horizon, Bellman optimality

applies, and the problem is solved by finding a fixed point in the space of the value function V

or the policy function p (Hotz and Miller, 1993). However, the so-called "curse of dimensionality"

arising from large state spaces can render dynamic programming practically intractable, especially

for those who lack access to high-speed computing techniques.

Many studies have contributed to the computational issue of the time-consuming fixed point itera-

tion. To solve the exact problem, for instance, Howard’s policy iteration in Ljungqvist and Sargent

(2004), Hotz and Miller (1993) or Aguirregabiria and Mira (2002) has been widely adopted for

structural models, where the fixed point is decomposed into an iterative algorithm over V and p

alternately. Bray (2019) proves that the fixed point iteration should be done using the difference

in V , which leads to a faster computational speed and numerical stability. Ma and Stachurski

(2021) also considers the transformations of value function to boost the computational efficiency.

Rust (1997) and Bray (2022) jointly depict the restricted alleviation of the curse of dimensionality

through the random grid.

Instead of pursuing an exact solution, an approximation using parameterized function classes can

relieve the computational difficulty. 1 A common way is approximating the functions via a linear

combination of bases. For instance, the value function, V , could be approximated by calculating a

parameter vector γ over a pre-selected set of bases Ψ, so that V ≈ Ψγ.

Approximate dynamic programming remains an active field of research, and there have been several

advances in recent years. Cai and Judd (2014) provide a comprehensive tutorial on shape-preserving

dynamic programming. Brumm and Scheidegger (2017) use an adaptive sparse grid to approximate

the solution, illustrated by an application to an IRBC model. Kristensen et al. (2021) targets a

smoothed version of integrated or expected value function, adopts both polynomial approximation

and the soft-max operator, and illustrates the behavior of those methods. Moreover, researchers

have explored many other methods for approximation, like artificial neural network (Norets, 2012),

decision trees in (Boutilier et al., 2000) and Fuzzy rule-based systems (Jouffe, 1998).

1. See, e.g., Powell (2009) for a brief review of approximate dynamic programming.
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Approximate dynamic programming has proliferated into empirical works of economics, envi-

ronmental and operation research, such as large-scale fleet management in Simão et al. (2009),

long-term costs in economics and dynamic climate change in Cai and Lontzek (2019), costumer-

service capacities allocation in Schütz and Kolisch (2012), dynamic portfolio optimization in Cai

et al. (2020), and large-scale oligopoly models in industrial organization like Farias et al. (2012)

and Fan and Yang (2022). Empirical studies designate that approximate dynamic programming is

a powerful tool for tackling real-life problems.

In this study, we introduce a new method into the approximate dynamic programming literature.

Our method computes the value and policy function as the solution to an unconstrained concave

optimization problem. The critical insight behind our method is that the constrained linear pro-

gramming formation to approximate V of Schweitzer and Seidmann (1985) and de Farias and Van

Roy (2003) can be reformulated into an unconstrained optimization problem, so the state-wise

inequality constraints in de Farias and Van Roy (2003) are no longer needed. Also, we show that

by introducing polynomial approximation and smoothing techniques, our method leads to a lower

computational burden than other commonly-used methods.

We format the fixed point iteration as an alternating optimization over V and p one after an-

other, and we show that each iteration can be expressed as an unconstrained concave optimization

when V and p are solved exactly, or under some proper approximation techniques, like the addi-

tive polynomial series and smoothing-maximum techniques. Our algorithm is a hill climber on an

upper-bounded function, which guarantees convergence. Under low-dimensional approximations,

the objective function value corresponding to the solution delivers a lower bound for the weighted

summation of the value function. Moreover, our method is flexible since one can choose which

step to approximate and which to solve exactly by exploiting the problem-specific structure. For

instance, we can take advantage of the analytical conditional choice probability (CCP) of dynamic

discrete choice with Logit error still while approximating the V .

Our method provides an extension of Howard’s policy iteration to approximate dynamic program-

ming. It is a true extension – when it is applied with full flexibility in both V and p (i.e., the

approximation error goes to zero), our algorithm is equivalent to Howard’s policy iteration. Our

algorithm still preserves the key concepts of Howard’s policy iteration when using approximations:

we alternate between optimizing over V and p, and the iteration gives monotone convergence. With
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approximation, our method delivers a lower bound to the weighted average of the value function

with state-relevance weights pre-specified by the researcher. Additionally, we show that an upper

bound can be obtained through a similar – but distinct – unconstrained convex minimization prob-

lem.

We illustrate our method through two types of dynamic programming problems – the classic dy-

namic discrete choice (Rust, 1987) and the Macro-type stochastic growth baseline model with

CRRA utility function (Brock and Mirman, 1972), which are both compatible with Howard’s for-

mation. We conduct a rich set of Monte Carlo simulations for these models. For V -approximation,

keeping the state space the same, our method outperforms all other existing methods in terms

of the elapsed time. In the stochastic growth model, when the policy function p does not have

an analytical form, our policy approximation provides a reasonable computational improvement,

especially for those without a high-end parallel computing toolbox.

The rest of this paper is organized as follows. Section 2 provides an overview of our approximation

method with a detailed description of the two examples we focus on. Section 3 derives properties

and illustrates how the unconstrained concave alternating algorithm is constructed. 3 also discusses

the error bound from polynomial approximation and smoothing techniques. Section 4 emphasizes

some other issues regarding the actual implementation, as well as procedures for constructing up-

per bounds. Section 5 has a large set of Monte Carlo simulations displayed, with section 5.1 on

the dynamic discrete choice and section 5.2 on the stochastic growth model, demonstrating the

behavior of our estimator in both cases. Section 6 is the conclusion and future research directions.

Appendices contain the proofs and simulations omitted in the main text.

2 Description of Method

Consider a standard infinite-horizon dynamic programming model, with state xt ∈ X ⊂ Rd, X

compact2. For now, we assume that the state space is finite: X = {1, 2, . . . , |X|}. Actions are

chosen from a compact set, at ∈ A. The flow utility or payoff is u(at, xt) ∈ R is bounded (e.g.,

continuous on the compact set A × X). A policy function, p(x), designates actions for each state,

p(xt) = at. Markov transitions are governed by a conditional distribution f(xt+1 | xt), and the

discount factor is β ∈ (0, 1).

2. Extension to finite-horizon problems is trivial, by making time a state variable and adding a terminal state once
time exceeds the maximum number of periods.
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The value associated with state x under policy p, Vp(x), is the expected discounted reward from

following policy p when the initial state is x:

Vp(x) = E

[ ∞∑
t=0

βtu(p(xt), xt) | x0 = x

]
.

This leads to the classic Bellman operators. Under a finite state space, let Up denote a vector of

flow utilities under policy p and the matrix Fp of expected transitions under policy p. Let T (p, V )

be the usual Bellman operator for an infinite horizon dynamic programming model, with policy, p,

and value function, V . Then,

T (p, V ) = Up + βFpV T (V ) = max
p∈A|X|

T (p, V ), (1)

where the maximum is taken component-wise. Equation (1) incorporates a general class of dynamic

problems, which contains and not limited to, the two typical examples reviewed below.

Example 1. Single-agent Dynamic Discrete Choice with Logit error. Conditional Choice

Probability (CCP) representation of the single-agent dynamic discrete choice model, discussed in

Hotz and Miller (1993) and Aguirregabiria and Mira (2002), is compatible with the setting in

(1). With discrete actions: at ∈ A = {0, 1, 2, · · · , |A| − 1}, we assume that true underlying data

generating process leads to an ergodic Markov chain and a unique stationary distribution π(x).

As in the standard setting, the flow payoff is additively separable in the unobservables and equals

to ut(at, xt) = ūt(at, xt) + εt(at). By assuming a Logit distribution for the error term εt(at), the

standard Bellman operator can be written as,

T (p, V ) =
∑
a∈A

P (a){U(a) + e(a, P )}︸ ︷︷ ︸
Up

+β
[ ∑

a∈A

P (a) ∗ Fa︸ ︷︷ ︸
Fp

]
V (2)

where P (a) is the column vector that stack of p(a, x) for all the states. Similar notation applies to

U(a) and e(a, P ). As shown in Aguirregabiria and Mira (2002), Logit error allows an analytical

solution to the conditional expectation of ε(a) such that e(a, P ) = Euler’s constant − lnP (a, x)3.

Example 2. Stochastic Growth Model. In contrast to the discrete choice, models in Macroe-

3. An analytical solution also exists if the error terms are independently and identically distributed with a normal
distribution – see Aguirregabiria and Magesan (2013).
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conomics embrace continuous choices. Consider the stochastic growth model stemmed from Brock

and Mirman (1972). The state space is xt = (kt, zt)′ and a social planner maximizes

E

[ ∞∑
t=0

βtu(ct)
]
, ct + kt+1 = (1 − δ)kt +Aztk

ν
t , kt+1 ≥ 0 (3)

The choice of current consumption ct and future capital stock kt+1 is based on the information of

capital stock kt and the current realization of productivity shocks zt. zt is a time-invariant Markov

process with transition matrix Qz′|z, which does not depend on the current capital stock kt. δ is the

capital depreciation rate. A is the fixed part of the productivity shock, and the production function

follows a Cobb-Douglas function with 0 < ν < 1. u(ct) is a concave CRRA utility function where

u(ct) = c1−λ
t /(1 − λ), λ ̸= 1, u(ct) = ln(ct), λ = 1. Using Bellman principle, the dynamic system

can be written as

V (k, z) = max
c≥0

{
u(c) + β

∫
V (Azkν + (1 − δ)k − c, z′)Qz′|z(z)dz′

}
(4)

Usually this problem does not have an analytical solution unless δ = 1 and λ = 14. Following the

notation in equation (1), with c as policy function and the discretization of both k and z into mk

and mz points, equation (4) becomes,

T (c, V ) = U(c)︸ ︷︷ ︸
Up

+β
[
FV ⊗ Fz′|z

]︸ ︷︷ ︸
Fp

V (5)

for a stacked value function V with dimensions (mk × mz) × 1. FV is a mk × mk matrix, FV =

(FV,1, FV,2, · · · , FV,mk
)′, where FV,i is a mk-by-1 vector, indicating the position of k′

i after consuming

ci. Fz′|z is the transition matrix of z after the discretization. Then Fp becomes a (mk × mz) by

(mk ×mz) squared matrix.

In this study, we only focus on the well-defined dynamic problems that have both T (p, V ) and T (V )

in (1) are contraction mappings with unique fixed point. The value function associated with policy

p, Vp, is the unique solution to Vp = T (p, Vp). Formally speaking,

Assumption 1. ∀ p ∈ P, there is T (p, V ) = V if and only if V = Vp.

4. In this case, the dynamic system can be analytically solved and the optimal policy can be represented by
kt+1 = βνAztk

ν
t .
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The value function associated with the optimal policy, V ∗, satisfies V ∗ = T (V ∗), with corresponding

optimal policy, p∗ = arg maxpT (p, V ∗). The maximum again are taken component-wise. Note that

there is V ∗ = Vp∗ .

Because the Bellman operators are contraction mappings in V , standard fixed point iteration can

solve for Vp and V ∗. For V ∗, policy iteration can also be used with a computational improvement

when the maximization over V is computationally burdensome. However, both procedures can be

computationally impractical when the state space is large.

These issues for computation have driven researchers to explore approximation methods for the

value or policy functions. One method for V−approximation conditional on the p that is particularly

relevant to our work is the linear programming approach, first proposed by Schweitzer and Seidmann

(1985) and then developed by de Farias and Van Roy (2003). de Farias and Van Roy (2003)

approximately solves V through a linear program with the number of constraints equal to |A|×|X|.

de Farias and Van Roy (2003)’s approach is appealing and has been successful in applications, as

illustrated in Section 1, but it still possesses a few significant limitations. First, as pointed out

by de Farias and Van Roy (2003), the size of the linear programming still grows exponentially

with the state space, even after the number of variables is reduced dramatically by polynomial

approximation. Second, the approximated results only provide a lower bound on V ∗. Third, it

does not provide guidance on how an approximate p should be chosen.

To overcome these drawbacks, we propose a new approach for the approximation of V and p,

which extends Howard’s policy iteration to approximate dynamic programming. Specifically, let

m(p, V ) = minx{T (p, V )(x) − V (x)}. We show that, the usual (V ∗, p∗) in a discounted reward

setting can be formulated as the solution to an unconstrained optimization problem:

max
p,V

w′T (p, V ) + β(1 − β)−1m(p, V ) (6)

where w = (w1, w2, · · · , w|X|)′ are the weights put in each state with
∑

xw(x) = 1 and w(x) ≥ 0

for each x. This problem is concave in V for any p, and is concave in p wherever T is concave in p,

as proved in Section 3. Thus, the objective function can be maximized via bi-concave optimization,

alternating between two problems:
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Value problem (fixing a policy).

max
V

w′T (p, V ) + β(1 − β)−1m(p, V ) (7)

Policy problem (fixing a value function).

max
p

w′T (p, V ) + β(1 − β)−1m(p, V ) (8)

Therefore, we compute (V, p) as solutions to the unconstrained maximization problem in (6) by

alternating between value problem (7) and policy problem (8). With full flexibility on V and

p, alternating between these two problems is identical to Howard’s policy iteration. When using

approximation methods like polynomial, alternating between approximated V or p functions gives

a reasonable solution. A fixed point of this alternating procedure provides (i) an approximately-

optimal policy function; (ii) a lower bound of the weighted average w′V ∗ through the objective

function value. Section 4 also discusses procedures for generating upper bounds on w′Vp and w′V ∗,

which differ from the procedure used to construct the lower bound here.

3 Analysis and Proofs

3.1 Derivation of the Unconstrained Optimization

Define H(p, V ) ≡ T (p, V ) −V . The following Proposition 1 provides some useful properties of H(·)

that would be applied in future proofs.

Proposition 1. H(p, V ) has the following properties:

1. H(p, Vp) = 0, and H(p, V ) ̸= 0 for all V ̸= Vp.

2. H(·) is concave in V .

3. If T (·) is concave in p on a set P × V ⊂ A × R|X|, then H(·) is concave in p on P × V.

4. H(·) is inverse-antitone in V : if H(p, V1) ≤ H(p, V2), then V1 ≥ V2, where the inequalities

are applied element-wise.

5. ∇V H(p, V ) = −(I|X| − βFp), where Fp represents the unconditional transition matrix associ-

ated with policy p.
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6. H(p, V + kι) = H(p, V ) − (1 − β)kι for all k ∈ R, where ι is the vector of ones.

Proof. See Appendix A.

The properties of H(·) are essential for our optimization problem. Our unconstrained optimization

then follows from the successive lemmas and propositions.

Lemma 1. If H(p, V ) ≥ 0, then V ≤ T (p, V ) ≤ Vp. Similarly, if H(p, V ) ≤ 0, then Vp ≤ T (p, V ) ≤

V .

Proof. We start by proving the first statement. Assume H(p, V ) ≥ 0. Then, T (p, V ) ≥ V follows

immediately from the definition of H(p, V ). Additionally, Proposition 1.1 and 1.4 imply that

V ≤ Vp. Since T (·) is isotone, or in other words, if V1 ≤ V2, then T (p, V1) ≤ T (p, V2), this implies

T (p, V ) ≤ T (p, Vp) = Vp. This proves the first statement. The proof of second statement comes

through a similar logic.

Proposition 2. The optimal policy and value function satisfy

(p∗, V ∗) = arg max
(p,V )∈A×R|X|

w′T (p, V )

s.t. H(p, V ) ≥ 0.
(9)

Proof. First, note that H(p∗, V ∗) = 0, so (p∗, V ∗) is a feasible solution to (2). Second, by Lemma

1, we have T (p, V ) ≤ Vp in the feasible region or when H(p, V ) ≥ 0. And Vp ≤ V ∗ for all p since

only the optimal policy p∗ leads to the highest value V . We then have T (p, V ) ≤ V ∗ in the feasible

regions. Therefore, for all feasible pairs (p, V ), w′T (p, V ) ≤ w′V ∗, with equality at (p∗, V ∗).

Problem in (2) is not a concave maximization problem in (p, V ). However, if we consider alternating

between maximization over p and maximization over V individually, we obtain the standard Howard

policy iteration algorithm.

To see why, first consider holding p fixed and maximizing over V . That is, the problem

max
V

w′T (p, V )

s.t. H(p, V ) ≥ 0.
(10)
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Problem in (10) is a linear programming because both T (·) and H(·) are linear in V , and the

solution to this linear programming is Vp – making it equivalent to the value step in Howard’s

policy iteration. (10) has been well-studied in the dynamic programming literature, and it leads

naturally to an approximated version as in de Farias and Van Roy (2003).

Then, consider fixing V and maximizing over p:

max
p

w′T (p, V )

s.t. H(p, V ) ≥ 0.
(11)

On any convex set, P, such that T (·, V ) is concave in p, (11) is a concave optimization problem

over the convex set P ∩ {p : H(p, V ) ≥ 0}. Its solution is arg maxp T (p, V ), where the maximum

is taken component-wise over the state space. So, (11) is equivalent to the policy improvement

step in Howard’s policy iteration. Furthermore, note that for a well-defined problem, there is Vp′

corresponding to p′. Choosing Vp′ for some p′ makes (11) feasible because H(p′, Vp′) = 0.

Together this shows that (2) can be solved by alternating between maximizing over V and maxi-

mizing over p, since that procedure is equivalent to Howard’s policy iterations. As mentioned in

Section 2, the main obstacle for both (10) and (11) is the large number of constraints for large state

spaces. Even when the value and policy functions are approximated, the issue with the number of

constraints remains.

This study shows that we can circumvent the many-constraint problem by replacing constrained

maximization with an equivalent unconstrained maximization. To show this, we recall the scalar-

valued function m(p, V ) ≡ minx H(p, V )(x) = minx{T (p, V )(x) − V (x)}. Lemma 2 contains the

properties regarding m(p, V ).

Lemma 2. (i) m(p, V ) is concave in V , and it is also concave in p on any set, P × V, where

T (p, V ) is concave in p; (ii) H(p, V + (1 − β)−1m(p, V )ι) ≥ 0; and (iii) V + (1 − β)−1m(p, V )ι ≤

T (p, V ) + β(1 − β)−1m(p, V )ι ≤ Vp.

Proof. Lemma 2.(i) follows from (a) the minimum function is concave, isotone; and (b) H(p, V ) is

linear in V , and it is and concave in p on any P × V where T (p, V ) is concave in p (Proposition

1.3). Thus, the composite m(p, V ) = minx H(p, V )(x) is concave in V everywhere and concave in

p on P × V. Lemma 2.(ii) follows from the fact that H(p, V + kι) = H(p, V ) − (1 − β)kι for scalar
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κ (Proposition 1.6). This implies that

H(p, V + (1 − β)−1m(p, V )ι) = H(p, V ) −m(p, V )ι

= H(p, V ) − min
x
H(p, V )(x)ι ≥ 0.

Lemma 2.(iii) follows from combining the second property, along with Proposition 1.4 and Lemma

1, since T (p, V + (1 − β)−1m(p, V )ι) = Tp(V ) + β(1 − β)−1m(p, V )ι.

We then use Lemma 2 for a normalization to the objective function of (2) that renders the con-

straints in the linear programming (10) and (11) unnecessary. The objective function for this

unconstrained optimization is,

L(p, V ) ≡ w′T (p, V ) + β(1 − β)−1m(p, V ). (12)

Proposition 3. 1. The optimal policy p∗ and value function V ∗ satisfy

(p∗, V ∗) ∈ arg max
(p,V )∈A×R|X|

L(p, V );

2. L(p∗, V ∗) = w′V ;

3. L(·) is concave in V , and concave in p on any set P × V, when T (p, V ) is concave in p.

Proof. For Proposition 3.2: follows from T (p∗, V ∗) = V ∗ and m(p∗, V ∗) = 0. For Proposition 3.3:

follows from Lemma 2.(i). For Proposition 3.1: with Proposition 3.2 already proven, it suffices to

show that L(p, V ) ≤ w′V ∗ for all (p, V ). We have

L(p, V ) = w′T (p, V ) + β(1 − β)−1m(p, V )

= w′T (p, V ) + β(1 − β)−1m(p, V )w′ι

= w′
(
T (p, V ) + β(1 − β)−1m(p, V )ι

)
= w′T

(
p, V + (1 − β)−1m(p, V )ι

)
,

where the second equality follows from w′ι = 1. It then follows from Lemma 2.(ii) and Lemma 1

that

L(p, V ) ≤ w′Vp ≤ w′V ∗ (13)
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for each (p, V ). The second inequality arises because Vp ≤ V ∗ for all p and w(x) ≥ 0 for each x.

In Proposition 3, we see how the previous constrained maximization problem in Proposition 2 is

replaced with an unconstrained maximization problem. Like the constrained problem, this problem

is not jointly concave in (p, V ), but concave in V alone and in p alone wherever T (p, V ) is concave in

p alone. Thus, we consider solving the problem via alternating maximization over two unconstrained

concave optimizations like Howard’s policy iteration, leading to the algorithm below.

Algorithm 1. A (local) maximum of L(p, V ) can be found through the following steps.

1. Choose an initial approximate policy, p0.

2. For h ≥ 1, update: V h = arg maxV L(ph−1, V ).

3. Update: ph = arg maxp L(p, V h). h = h+ 1.

4. Iterate steps (2) and (3) until convergence, or until h = h̄ steps.

In Algorithm 1 step 2, we fix a policy p and maximize L(p, V ) over V . The solution to this is

Vp, which can be seen by combining inequality (13) and L(p, Vp) = w′Vp through the fixed-point

definition of Vp. In step 3, take V as given and maximize L(p, V ) over p, which is equivalent to

computing arg maxp T (p, V ) separately for each state x since (12) is monotonically increase with

T (p, V )(x). Thus, our Algorithm 1 achieves each step and inherits properties in Howard’s policy

iteration. Specifically, Algorithm 1 is an ascent algorithm on the objective function. The increasing

sequence of objective function values has a limit by the monotone convergence theorem, since the

objective function is bounded above by w′V ∗. Thus, Algorithm 1 comes with a type of convergence

guarantee, which is uncommon in the approximate dynamic programming literature.

One practical issue that needs to be addressed for Algorithm 1 is that the maximization over V

only identifies the value function up to a location normalization. For V + kι, the value of the

objective function (12) does not change with k. Any Vp + kι would be a solution, and the arg max

contains an infinite set. We can avoid this issue by imposing a simple normalization: V (x0) = 0

for some x0. A convenient choice is often x0 = 0, since the state space can usually be normalized

to include the origin. This normalization reduces the problem to a search over the rest of V and

has a unique solution. It is still a concave maximization problem. This normalization would also
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be convenient when we consider sieve or polynomial approximation5. We then obtain the level by

computing T (p, V ) + β(1 − β)−1m(p, V )ι.

3.2 Polynomial Approximation and Smoothing Algorithm

However, Algorithm 1 still suffers from the well-known curse of dimensionality of state space in

dynamic programming when solving the exact optimization. An unconstrained concave optimiza-

tion like (12) can be computationally hard to solve when the number of states grows extremely

large. Here we show that our Algorithm 1 can accommodate large state space by polynomial ap-

proximation and smoothing algorithms, which have gained popularity in recent years (Kristensen

et al., 2021). By incorporating these techniques, while still retaining a good approximation, our

algorithm reveals its computational gain over many existing methods.

The size of the (12) can be further reduced from |X| by choosing a finite-dimensional function space,

or the sieve in econometrics, that may have dimension K ≪ |X|. Specifically, consider function

spaces that could provide a good approximation for V and p as VKv = {VK(· ; γ) : X 7→ R|γ ∈ ΥγKv
}

and PKp = {pK(· ;α) : X 7→ R|A||α ∈ ΥαKp
}. ΥγKv

and ΥαKp
are parameter sets with Kv ≤ |X|

and Kp ≤ |X|. Kristensen et al. (2021) proposes that a smoothed version of V or p function, for

instance, the integrated value function, would help justify using well-developed nonparametric tech-

niques. Fortunately, due to the nature of Howard’s policy iteration and the definition of T (p, V ),

we are likely to have smoothed functions suitable for such approximation.

A leading example among those well-developed sieve estimator refer to a linear combination of basis

functions. That is, the K-dimensional function space becomes, VKv = {ΨK(x)γ : γ ∈ RKv } and

PKp = {ΦK(x)α : α ∈ R|A|×Kp}. In other words, V and p are approximated by
∑Kv

k γkψk(x) and∑Kp

k αkϕk(x). The basis function Ψ and Φ can be chosen from, for instance, B-spline or Chebyshev

polynomials – those methods have demonstrated their ability in function approximation. Regular-

ization can be easily incorporated into our setting6. However, nonlinear function spaces like neural

nets may lead to the failure of concavity, so they may not be recommended.

5. Omitting a constant from the basis functions for approximation is the same as imposing the normalization
V (0) = 0. Interestingly, the normalized problem is equivalent to maximization over the relative value function
considered in Bray (2019). Bray (2019) shows that all policy-relevant information in the value function is contained
in the relative value function.

6. For example, let || · ||p denote the p-norm of a vector. Then, we can define

L̃(α, γ) ≡ w′T (Φα, Ψγ) + β(1 − β)−1mσ(Φα, Ψγ) + µ1||α||p + µ2||γ||p,

where µ1 and µ2 are hyper-parameters. From here, the alternating procedure can be straightforwardly adapted.
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Another potential issue with (12) is the non-smoothness introduced through the min function in

m(p, V ). Smoothness can be approximately restored by replacing m(p, V ) with

mσ(p, V ) ≡ −σ ln
(∑

x

exp{−σ−1H(p, V )(x)}
)

(14)

(14) yields smoothness at the cost of a smoothing error. Since minx f(x) = − maxx{−f(x)},

applying the error bounds in Gao and Pavel (2018) gives,

max
x

f(x) ≤ σ ln
(∑

x

exp{σ−1f(x)}
)

≤ max
x

f(x) + σ ln(|X|) (15)

From (15) we can see the smoothing error tends to increase when σ increase or the number of states

increases and can be made arbitrarily small since mσ(·) → m(·) uniformly as σ → 0. However,

Polak et al. (2003) points out that the smoothing approximation becomes ill-conditioned as the

approximation accuracy increases, which may lead to numerical difficulties and slower convergence

for the solver.

Combining the two approximation techniques, we rewrite the exact optimization (12) using its

approximated counterparts. The smoothed version L̃(Φα,Ψγ) replaces L(p, V ) in Algorithm 1

such that,

L̃(Φα,Ψγ) = w′T (Φα,Ψγ) + β(1 − β)−1mσ(Φα,Ψγ). (16)

By polynomial approximation, the size of the problem (16) for value iteration is reduced to K. The

gain of approximating is higher in our case since we have already eliminated the large set of linear

constraints. Note that (12) is encompassed as a special case of (16). If σ = 0 and both Ψ and Φ

are |X|-dim identity matrix, L(p, V ) is the same as L̃(Φα,Ψγ). Moreover, we define L̄(Φα,Ψγ) as

the case where we allow polynomial approximation but not σ-smoothing,

L̄(Φα,Ψγ) = w′T (Φα,Ψγ) + β(1 − β)−1m(Φα,Ψγ). (17)

Algorithm 2, illustrates the alternating steps with L̃(Φα,Ψγ) in (16),

Algorithm 2. Find a (local) maximum of L̃(Φα,Ψγ) through the following steps.

1. Choose an initial approximate policy, p̃0, with corresponding parameter, α0.

2. For h ≥ 1, update: γh = arg maxγ L̃(Φαh−1,Ψγ).
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3. Update: αh = arg maxα L̃(Φα,Ψγh). h = h+ 1.

4. Iterate steps (2) and (3) until convergence, or h = h̄ steps.

Next, Lemma 3 and Proposition 4 study the error bound for the objective function L̃(Φα,Ψγ) and

the properties of the solution Ṽp. We focus on the approximation issue regarding V , where we

expect a similar conclusion of p to follow directly. Suppose for a given policy p, the maximizer for

L(p, V ) is Vp, for L̄(p, V ) is V̄p and for L̃(p, V ) is Ṽp. Then Lemma 3 provides an error bound of

objective function value on Vp and Ṽp.

Lemma 3. Assume that the error from polynomial approximation ||L̄(p, V̄p) −L(p, Vp)|| = Op(ρK)

with ρK → 0 as K → ∞. The error bound for the objective function values between L(p, Vp) and

L̃(p, Ṽp) equals,

||L̃(p, Ṽp) − L(p, Vp)|| = O(σ) +Op(ρk) (18)

σ ≥ 0. Or in other words, it is stochastically bounded by σ and the polynomial approximating error.

Proof. By the triangular inequality,

||L̃(p, Ṽp) − L(p, Vp)|| ≤ ||L̃(p, Ṽp) − L̄(p, V̄p)|| + ||L̄(p, V̄p) − L(p, Vp)|| (19)

The second part of (19) equals to Op(ρK) by assumption directly. In the case with finite states,

ρK = 0 if K ≥ |X|. To get the first part, write the min in m(p, V ) as maximization, and obtain

L(p, V ) = w′T (p, V ) + β(1 − β)−1 min
x
H(p, V )(x) = w′T (p, V ) − β(1 − β)−1 max

x
{−H(p, V )(x)}

Similar expression applies for L̄(p, V̄p) and L̃(p, Ṽp). Then by definition of V̄p and inequality (15),

L̃(p, Ṽp) ≤ L̄(p, V̄p). Furthermore, there is,

L̃(p, Ṽp) = w′T (p, Ṽp) − β(1 − β)−1
{
σ ln

(∑
x

exp{−σ−1H(p, Ṽp)(x)}
)}

≥ w′T (p, V̄p) − β(1 − β)−1
{
σ ln

(∑
x

exp{−σ−1H(p, V̄p)(x)}
)}

≥ w′T (p, V̄p) − β(1 − β)−1
{

max
x

{−H(p, V̄p)(x)} + σ ln |X|
}

= w′T (p, V̄p) − β(1 − β)−1
{

max
x

{−H(p, V̄p)(x)}
}

− β(1 − β)−1σ ln |X|

(20)
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which gives L̃(p, Ṽp) ≥ L̄(p, V̄p) − β(1 − β)−1σ ln |X| and then ||L̃(p, Ṽp) − L̄(p, V̄p)|| = O(σ).

Proposition 4. Here are several properties regarding the smooth approximation –

1. Under polynomial approximation Φα or Ψγ and mσ in (14), L̃(·) is concave in V and concave

in p on any set P × V where T (p, V ) is concave in p.

2. Denote a projector Γ that transforms the value function V h−1 to the next iteration through the

objective function L̄(·) in (17). A fixed point of V̄ then is defined as the solution to V = Γ(V ).

Assume that (i) there is unique fixed point V̄ for Γ; (ii) for each V h−1 ∈ V, L̄(p, V h−1) is

uniquely maximized at p̄ and p̄ is an interior point of P; (iii) for each p̄ that can be obtained

from V h−1 ∈ V, L̄(p̄, V h) is uniquely maximized at V̄ h and V̄ h is an interior point of V; (iv)

T (p, V ) is concave in p. Then as σ → 0, the fixed point solution Ṽσ of Algorithm 2 converges

to V̄ .

Proof. See Appendix A.

Proposition 4.1 emphasizes that the concavity of the optimization problems preserves in (16).

Proposition 4.2 gives an asymptotic results of the convergence of Ṽσ to the non-smoothed polynomial

approximation V̄ as σ → 0. Note that we abstract away from the error coming from polynomial

approximation itself, which is the focus of study in de Farias and Van Roy (2003) and Kristensen

et al. (2021).

In practice, however, using both the approximation to V and p in Algorithm 2 may trigger the

accumulation of approximating errors in each step and reduce the accuracy. Moreover, lower

computational costs and even analytical solutions may be available for a specific problem. The

best routine is a customized choice conditional on the problem at hand. For instance, in a dynamic

discrete choice with a Logit error term (Aguirregabiria and Mira, 2002), we have an analytical

solution of the conditional choice probability given the current iteration of V h.

Example 1 Continue. As for the policy p, we have the concavity of p regarding the T (p, V ) since

∂2[−p(a, x) ln(p(a, x))]/∂p2(a, x) = −1/p(a, x) < 0. But we do not need to solve (16) for p since

we have analytical solution such that,

ph
a = exp{u(a, x; θ) + β

∫
X f(x′|a, x)Ṽ h(x′)dx}∑

a∈A exp{u(a, x; θ) + β
∫
X f(x′|a, x)Ṽ h(x′)dx}

(21)
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Analytically solving an exact problem is equivalent to obtaining the policy updates in Algorithm

1, or in Algorithm 2 but with Φ a |X|-dim identity matrix. Thus, all the desired properties of

algorithms can still be established. Additionally, solving (16) directly with Φα is problematic since

0 < p(a, x) < 1 needs to be satisfied for all a ∈ |A| and x ∈ |X| in each iteration for the objective

function to be well-defined.

In this standard case, our method shares some common attributes with Feng et al. (2021), which

proposes an iterative method over the policy functions through the choice-specific value function va.

However, our alternating algorithm may lead to a faster convergence rate than theirs.

4 Discussions and Extensions

4.1 The Computational Gains From Polynomial Approximation

As discussed in Section 3.2, by polynomial approximation, the dimension of optimization drops

from |X| to K, offering a computational gain especially when K ≪ |X|. In practice, this gain is

achieved primarily by calculating the time-consuming matrix multiplication outside the loop when

searching for parameters γ.

Example 1 Continue. For the V -approximation in Example 1, we may re-write (16) as

L̃(p,Ψγ) = w′T (p,Ψγ) + β(1 − β)−1mσ(H(p, V ))

= w′Up + (w′βFpΨ)γ + β(1 − β)−1mσ

(
Up +

[
βFp − I|X|

]
Ψγ
) (22)

from the definition of T (p, V ) in (1). I|X| is the identity matrix of size |X|. For (22), w′βFpΨ, Up

and [βFp −I|X|]Ψ does not depend on γ and can be calculated outside the optimization over γ, which

reduces the dimension of computation to K and greatly improves the computational efficiency.

Example 2 Continue. The CRRA utility, however, has a large derivative near 0, which may

be hard to capture by a low-dimensional polynomial approximation7. This problem deteriorates the

accuracy when V is approximated. A complicated high-dimensional polynomial helps, yet it would

slow the computational speed.

For the stochastic growth model, the policy function is less restricted since it is no longer bounded

7. Judd (1998), Chapter 6, pages 228-230, also documents this as an example to show that one needs to be careful
when the function approximated takes a CRRA shape.
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above by 1 as the CCPs. Moreover, we only need kt+1 ≥ 0 and ct ≥ 0, which can be incorporated

using the shape restrictions in Section 4.2 below.

As mentioned in Section 3.1, the optimal policy can be solved state-by-state given the value func-

tion. In other words, the policy iteration consists of many small maximizations, with the number

of problems equal to the number of discretized states. Thus, the parallel computation can be di-

rectly adopted. In contrast, our approximation solves a single concave optimization with a larger

dimension8. Which method delivers better performance may depend on the number of states and

the availability of parallel computing technologies, further illustrated in Section 5.2.

4.2 Shape Restrictions

The behavior of polynomial approximation and other nonparametric techniques could be boosted

through the inclusion of shape restrictions. Shape restrictions like monotonicity, concavity and

other constraints derived from economic theories have been widely applied in economics. Shape

restrictions help to eliminate anomalous behavior and obtain precise estimates from flexible meth-

ods9. In this study, to improve the numerical behavior, we may resort to the simple non-negativity

constraints of Φα in Example 2.

Example 2 Continue. For instance, in (3), individual’s decision is restricted by a non-negativity

constraint kt+1 ≥ 0. This non-negativity constraint needs to be satisfied in the solution and trans-

lates into the first set of shape restrictions in the model.

Furthermore, the usual CRRA utility is undefined under negative consumption, leading to kt+1 −

(1 − δ)kt − Aztk
θ
t ≥ 0 as a constraint that needs to be satisfied in each step. For any optimization

solver, no information is derived when reaching an undefined point, hindering the descending pro-

cedure even in unconstrained concave optimization10.

To alleviate this problem, in practice, a possible modification comes from treating the consumption

c as the policy and accounting for the nonnegative consumption by requiring α ≥ 0. This extra con-

8. This “larger” dimensional is compared with the uni-variate state-by-state optimization. If we choose appropriate
techniques for approximation, it would still be a small to moderate problem.

9. For instance, Blundell et al. (2012) uses the nonlinear Slutsky conditions from consumer theory and the shape-
restricted nonparametric estimation yields a well-behaved demand function for gasoline in the US. Chetverikov and
Wilhelm (2017), on the other hand, investigates the possibility of improving the NPIV estimator’s performance by
imposing shape restrictions. They demonstrate that the monotonicity constraint possesses a strong regularization
effect and consistently enhances the performance of the nonparametric estimator.

10. A possible refinement would have multiple starting values, but it drags down the overall computational efficiency.
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straint is usually compatible with step-wise approximations like B-spline, but may not be applicable

if the entire interval is approximated by, for instance, Chebyshev polynomials. Figure 1 illustrates

a simple approximation of function y =
√
x.

(a) Approximated y, using degree-4 B-spline with knots
(0,0.5,1)’

(b) Approximated y, degree-4 Chebyshev polynomials.

Figure 1: Simple illustration on non-negativity restriction.

4.3 Upper Bound for w′V ∗

For the counterfactual analysis on dynamic programming, one may be interested to know the

weighted average welfare or w′V ∗. We have already constructed a lower bound: upon convergence,

Algorithm 2 delivers approximate value and policy functions and also delivers a lower bound on

w′V ∗ through the value of L̃(Φα∗,Ψγ∗) from Proposition 3, where (α∗, γ∗) is the convergence point.

One can see this from the proof of Proposition 3 and inequality (15), since L(p, V ) ≤ w′Vp ≤ w′V ∗

and L̃(p, V ) ≤ L(p, V ) for ∀(p, V ).

With the lower bound obtained, an upper bound on w′Vp can be directly derived from the solution

to the approximate problem (23),

min
V

L̂(p, V ) = w′T (p, V ) + β(1 − β)−1
{

max
x

H(p, V )
}

(23)

The minimization problem in (23) is almost identical to that of the value function step in Algorithm

2, except that (i) it is a minimization problem; and (ii) the max operator in L(p, V ) is replaced

with the max operator.
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Proposition 5. The minimization problem in (23) is convex, and the minimum objective function

value gives an upper bound for the weighted value w′Vp.

Proof. See Appendix A.

Proposition 5 shows that the solution to (23) provides an upper bound to the value function

associated with a given policy. We can simply fix the policy at its convergence point p̃ in the main

maximization procedure, then perform the minimization in (23).

If only V is to be approximated, then we can obtain an upper bound to w′V ∗ directly. In this case,

we replace the fixed policy in (23) with the policy associated with V , so that it changes with V .

min
V

L̂(p(V ), V ) = w′T (p(V ), V ) + β(1 − β)−1
{

max
x

H(p(V ), V )
}

(24)

Proposition 6. The minimization problem in (24) is convex, and the minimum objective function

value gives an upper bound for the weighted value w′V ∗.

Proof. First we define T̄ (V ) ≡ T (p(V ), V ) and H̄(V ) ≡ T̄ (V ) −V . Both T̄ (·) and H̄(·) are convex,

which immediately yields convexity of the minimization problem because the maximum of convex

functions is convex. Additionally, H̄(·) is inverse-antitone, so H̄(V ) ≤ 0 implies V ∗ ≤ T̄ (V ) ≤ V .

From here, we proceed similarly to the proof of Proposition 5, obtaining L̂(p(V ), V ) ≥ w′V ∗ and

L̂(p(V ∗), V ∗) = w′V ∗.

5 Simulations

In this section, we demonstrate the performance of our algorithm by a series of simulations on both

Examples 1 and 2. First, we carry on the simulation of the bus-engine replacement problem. We

employ user-supplied analytical gradients for the Quasi-Newton method in all the simulations in

our Algorithm 2.

5.1 Example 1 Continue

5.1.1 Baseline Model

For a bus-engine replacement problem, an agent has two discrete actions – replacing the engine

or not, or a ∈ {1, 0}. If no replacement, or a = 0, the univariate state variable (the accumulated
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mileage) x involves following: with probability 0.0937, xt+1 = xt; and with probability 0.9063,

xt+1 = xt + δt, and δt follows a Beta(2, 5) distribution re-scaled to interval [0, 15]. With a = 1,

transition of xt still holds but with xt = 0. We then discretize the mileage into 251 discrete states,

{0, 1, 2, · · · , 250}. β = 0.975. In the simulations below, without loss of generality, we assume the

transition of x is known. The stationary distribution of xi is denoted as πi or π(xi) and is defined

by simultaneous equations,

π(xj) =
∫
X

[ ∑
a∈A

p(a, xi)f(xj |a, xi)
]
π(xi)d xi

The flow utility encountered in each period depends on the action a. ua=0,t = u0,t = θ0 + θ1 ×

(0.001)xt + ε0, ua=1,t = u1,t = ε1, with ε a Logit error. The true θ∗ = (11.7257,−2.4569)′. Here we

approximate both p and V through polynomial approximation and smoothing techniques11.

Figure 2 demonstrates the overall performance when the sample size N = 1000 and we start the

iteration with an initial α0 =
[∑N

i=1 ΦiΦ′
i

]−1∑N
i=1 Φiai

12. σ = 0.001 and w(xi) = π(xi). Figure

2(a) and (b) illustrate that in this basic case, solving (16) gives us a good approximation to the true

V and p. Besides, the objective function value L̃(Φα,Ψγ) indeed monotonically increases across

alternating iterations, as shown in Figure 2(c).

Moreover, Figure 2(d) depicts the lower and upper bounds from equations (16) and (23) by having

the weights w1 = (1, 0, · · · , 0)′, w2 = (0, 1, · · · , 0)′, · · · , w251 = (0, 0, · · · , 1)′, successively. Or in

other words, we put all the weights on each state one after another while ignoring others. Our

method is successful in providing an lower and upper bound of w′V ∗ for each state.

5.1.2 Choice of w and σ

As discussed in previous sections, w is the state-relevance weight. When there is full flexibility for

V and p, all choices of w are equivalent for the solutions. However, when approximation binds,

different choices of w will yield different results. With limited dimensions of approximation, as

indicated by de Farias (2002), we may not anticipate a uniformly good fit throughout all the states.

11. The linear function in B-spline may not generate a value strictly between 0 and 1, contradicting the assumption
of ε. We have to trim the estimated probability to accommodate this, especially in the first few iterations. We use
a flexible construction of degree-4 B-spline, with basic nodes (0, 0.5, 1)′. When implementing, those basic nodes are
repeated three times, or we use (0, 0, 0, 0.5, 0.5, 0.5, 1, 1, 1)′.

12. The finite sample only comes in when determining the starting value α0. Usually, running OLS on the binary
choice variable ai gives a poor initial prediction of choice probabilities.
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(a) Approximated V (b) Linearly approximated policy function

(c) L̃(α, γ) at each iteration, with initial value 355.8597. (d) Upper and Lower bounds for each state

Figure 2: The approximation of value function and choice probabilities in the baseline model of
Section 5.1.
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Therefore, we face the challenges of balancing the approximating accuracy across different state

areas.

Indeed, there would be some instances where the problem at hand can guide the choice of w. An

example may come from cases where people only care about specific states. However, if we want a

good approximation in general across states, two sets of weights naturally arise. The first could be

the original stationary distribution π(x), which emphasizes the frequently visited states. The sec-

ond, on the contrary, would assign 1/|X| to all the states. These arise from the heuristic discussion

in de Farias (2002). The approximated method may yield poor results for the states with lower V ,

unless those states are emphasized by w. Simultaneously, Theorem 1 in de Farias and Van Roy

(2003) implies that the frequently-visited states must be highlighted to have the resulting policy

function close to the optimal. Appendix B. provides simulation experiments regarding the choice

of w in different cases, serving as a heuristic indication of what is happening. We would stick to

the two sets of w mentioned above in the following simulations.

Moreover, σ in equation (14) governs the accuracy of the smooth approximation of the non-

differentiable max operator. A larger σ leads to inadequate approximation towards the min func-

tion, while a σ that is too small may render too less smoothness, hindering the performance of

derivative-based algorithms. Appendix B. also contains the trade-off inside the choice of σ, indi-

cating that for stability, we would expect σ to be around 0.001 or 0.0001.

5.1.3 Comparisons of Different Methods for Example 1

In this section, we perform further simulations and a comprehensive comparison across different

methods. Table 1 summarizes the settings13. The broad comparison covers the fixed point iteration

(Rust, 1987), Howard’s policy iteration (Aguirregabiria and Mira, 2002), approximation through

linear programming (de Farias and Van Roy, 2003), and our Algorithm 2 with either the CCPs

approximated by linear polynomials, or by analytical solution in (21).

Each simulation is constituted by R = 100 repetitions. The weights for approximation method

equals the stationary distribution of states, or w(xi) = π(xi). The starting value of γ for our

method is generated by V 0(xi) = (1 − β)−1 minxj∈X{ln
∑

a∈A exp(u(a, xj))}, ∀xi ∈ X, and γ0 =

(Ψ′Ψ)−1Ψ′V 0. V 0 is also the starting value for fixed point iteration (i) in Table 1. Ψ are polynomial

13. Programs are implemented in a laptop with Apple M1 Max, ten cores, Ram 64GB, at Matlab R2021b. For
simulations of Example 1, we do not use parallel computation even with multiple cores.

23



basis. The sample size N is fixed at 2000. Stopping criterion is ||ph+1 − ph||∞ <= 0.000001 for all

methods.

Table 2 shows the simulation results when the discount factor β = 0.975. The accuracy of the

approximation, or the error in Table 2 regarding the true values (V ∗, p∗) is evaluated through

maxr∈R
∑

x∈|X| πi × |V − V ∗| and maxr∈R
∑

x∈|X| πi × |p − p∗|. Our approximation method out-

performs all other methods in the simulation, especially when the state expands and the analytical

CCPs are utilized. For instance, in Model 4 of Table 1, our method (v) takes around 1/3 of the av-

erage elapsed time of (iii) and 1/2 of (i), while still keeping a low approximation error. In contrast,

linear policy approximation or (vi) performs poorly from the start, as expected from the reasons

discussed in Section 4.1.

Bray (2019) pinpoints that with β → 1, the speed of convergence for V iteration would decrease,

which is partially demonstrated in Table 3 using both of the approximations. While in Table 3, all

the performances of (i) (iii) and (v) exacerbate, our approximation still cut down around 3/4 to

1/2 of the elapsed time in Model 4, demonstrating a large computational gain.

5.1.4 High Dimensional State Space

Next, we evaluate the performance of our approximation in a high-dimensional case. Now the

state variable xt = (xt,1, xt,2)′ where xt,1 ∈ {0, 1, 2, · · · , 249}, and xt,2 ∈ {0, 1, 2, · · · , 249}. To-

tal number of states accumulates to 2502 = 62500. We stick to Kristensen et al. (2021) where

the flow utility ui is additive and transitions are multiplied across xt
14. Specifically, u0,t =

θ0 + θ1 × (0.001)xt,1 + θ2 × (0.001)xt,2 + ε0 and u1,t = ε1 with θ∗ = (11.45,−2.5,−1)′.

For an iterative method, the performance depends on the starting values of p. We initialize p0(a, x)

using an MLE-Logit estimated value. We regard the MLE-Logit-based p0(a, x) as a poor starting

value since N = 5000 is small compared to 62500 states. The error in p0 is on average. Stopping

criterion is ||ph+1 − ph||∞ <= 0.00001 for all methods. For polynomial approximation, we use

tensor-product based degree-2 B-spline15. The number of repetitions R = 10.

14. If no engine replacement or a = 0, the transition of xt,1 follows: with probability 0.0937, xt+1,1 = xt,1; and
with probability 0.9063, xt+1,1 = xt,1 + δt, and δt follows a Beta(2, 2) distribution re-scaled to interval [0, 10]. The
transition of xt,2 follows: with probability 0.0010, xt+1,2 = xt,2; and with probability 0.999, xt+1,2 = xt,2 + δt,2, and
δt,2 follows a Beta(2, 5) distribution re-scaled to interval [0, 15]. If a = 1, then the transition stays the same with
xt = 0.

15. B-spline is implemented with knots (0, 0.5, 1)′, and there are 36 bases in total. We no longer use degree-4
polynomials mainly because some of the linear programmings in (iii) experience a tough time converging, which
could bias performance evaluation.
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Name Explanation

(i) Fixed Point Following Kristensen et al. (2021), the fixed point iteration
on the integrated value function. We solve for V that satis-
fies

V (x) = ln
( ∑

a∈A

exp
{
u(a, x) + β

∫
x′
f(x′|a, x)V (x′)dx′

})

via fixed point iteration, which is different from Rust (1987).

(ii) Howard’s Following Aguirregabiria and Mira (2002). Given the
CCP ph(a, x), i) solve V h+1(x) = Apθ + bp where
Ap = (I|X| − βFU )−1[∑

a∈{0,1} p
h(a, x)Ha

]
; bp =

(I|X| − βFU )−1[∑
a∈{0,1} p

h(a, x) ∗ eh(a, p)
]
; FU =∑

a∈{0,1} p
h(a, x)Fa; and Ha is the stack of h(a, x) with

u(a, x; θ) = h(a, x)′θ. ii) obtain the new ph+1(a, x) from
V h+1(x) using (21) and return to i) until convergence.

(iii) LP Approximation Ṽ = Ψγ. Given Ṽ , p updated from Logit formula as in (21).

(vi) Algorithm 2 – p̃ = Φα Ṽ = Ψγ, p̃ = Φα. The basis Ψ is degree-4 B-spline, and Φ
is degree-2 B-spline1.

(v) Algorithm 2 – Analytical p Ṽ = Ψγ. Given Ṽ , p updated from Logit formula as in (21).

Models Specification

Model 1 For β = 0.975 or β = 0.990, θ∗ = [11.7257,−2.4569]′. States
= {0, 1, 2, · · · , 250}.

Model 2 For β = 0.975,⇒ θ∗ = [17,−2]′. For β = 0.990 ⇒ θ∗ =
[17,−1.5]′. States = {0, 1, 2, · · · , 499}.

Model 3 For β = 0.975,⇒ θ∗ = [20,−1]′. For β = 0.990,⇒ θ∗ =
[20,−0.7]′. States = {0, 0.25, 0.5, 0.75, · · · , 799}.

Model 4 For β = 0.975,⇒ θ∗ = [25,−0.8]′. For β = 0.990,⇒ θ∗ =
[25,−0.5]′. States = {0, 0.1, 0.2, 0.3, · · · , 999}.

1 Here we use a B-spline with knots (0, 0.5, 1)′ as Ψ and Φ. The V for Example 1 takes a regular shape and
can be approximated easily.

Table 1: Methods entering into the comparison for Example 1.
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Model 1 Model 2 Model 3 Model 4

(i) Fixed Point Time
Average 0.1368 0.2727 2.4858 10.5319

Min 0.1295 0.2648 2.3472 10.3986
Max 0.1749 0.3031 2.6857 11.4077

(ii) Howard’s Time
Average 0.0236 0.0443 2.5077 50.7084

Min 0.0083 0.0222 1.3011 29.3116
Max 0.0956 0.1353 3.7583 83.6843

(iii) LP Approximation
Time

Average 0.0338 0.0715 1.6296 15.8182
Min 0.0266 0.0360 0.9552 7.7739
Max 0.0442 0.1287 2.9934 26.6545

Error in V 0.0044 0.0026 0.0020 0.0032
in p 0.0001 0.0000 0.0001 0.0001

(vi) Algorithm 2 – p̃ = Φα
Time

Average 20.8008 - - -
Min 1.7769 - - -
Max 112.3378 - - -

Error in V 7.6418 - - -
in p 1.1636 - - -

(v) Algorithm 2 – Analytical p
Time

Average 0.0270 0.0714 0.4535 4.4568
Min 0.0195 0.0471 0.2876 2.6713
Max 0.0538 0.1213 0.7649 7.8929

Error in V 0.0028 0.0036 0.0047 0.0050
in p 0.0001 0.0001 0.0001 0.0001

Table 2: Elapsed time in seconds and approximation error. β = 0.975.
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Model 1 Model 2 Model 3 Model 4

(i) Fixed Point Time
Average 0.3627 0.6697 5.9294 24.6214

Min 0.3277 0.6442 5.2974 24.3667
Max 0.4061 0.8789 7.1130 26.2521

(ii) Howard’s Time
Average 0.0331 0.0436 2.6276 57.9553

Min 0.0084 0.0218 1.3140 29.5132
Max 0.1391 0.1474 4.1821 83.1976

(iii) LP Approximation
Time

Average 0.0390 0.0765 1.7722 46.5776
Min 0.0264 0.0440 0.9071 8.6889
Max 0.0571 0.1431 3.5683 151.4353

Error in V 0.0036 0.0023 0.0029 0.0073
in p 0.0001 0.0000 0.0000 0.0002

(vi) Algorithm 2 – p̃ = Φα
Time

Average 10.8485 - - -
Min 0.9352 - - -
Max 104.3327 - - -

Error in V 24.2000 - - -
in p 0.9553 - - -

(v) Algorithm 2 – Analytical p
Time

Average 0.0333 0.0853 0.5645 10.1143
Min 0.0265 0.0475 0.2582 2.1327
Max 0.0663 0.4522 3.5136 63.6861

Error in V 0.0040 0.0053 0.0079 0.0096
in p 0.0001 0.0002 0.0002 0.0002

Table 3: Elapsed time in seconds and approximation error. β =0.990.
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wi = 1/|X| wi = πi

(i) Fixed Point Time Average 6886.1

(ii) Howard’s Time
Average 12547.99

Min 12035.9
Max 14178.8

(iii) LP Approximation1
Time

Average 2399.92 2491.68
Min 1441 1833.1
Max 3696.5 2876.2

Error in V 0.0103 0.0083
in p 0.0004 0.0004

(v) Algorithm 2 – Analytical p
Time

Average 1491.7 1832.53
Min 931.9 1408.2
Max 1957.8 2342.4

Error in V 0.0105 0.0075
in p 0.0004 0.0004

1 For this specific example, we have transition matrices Fa=0 and Fa=1
which can both be stored as sparse matrix in Matlab. Computational
time would further reduced when those sparsity structure is utilized. For
instance, with wi = 1/|X|, the averaged elapsed time for (v) is 266.7 and
(iii) is 825.3.

Table 4: Elapsed time in seconds and approximation error for |X| = 62500. β = 0.975.

Table 4 contains the simulated results. Exact Howard’s step suffers from a costly computation

when inverting the system of V . At the same time, due to the analytical structure of the inte-

grated value function, Fixed Point iteration itself is not that problematic. Comparing (iii) and (v),

as expected, we show that, by replacing the constrained linear programming with unconstrained

nonlinear optimization in (16), our Algorithm 2 provides a steady improvement in elapsed times.

Although the starting p0(a, x) is not close to the true p, good approximations are obtained in both

(iii) and (v).

5.2 Example 2 Continue

This part contains the simulations of the stochastic growth model in Example 2. We generate

different states by varying the grids for kt and zt. Table 5 summarizes the models and methods

we use here. We test the cases of Algorithm 2 with either V or p approximated, while linear

programming only applies to V -approximation. Following the regular calibration, we assume we
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know the key parameters before tackling the model. The true parameters are: (A∗, ν∗, δ∗, λ∗, β∗)′ =

(0.5, 0.5, 0.01, 0.5, 0.975)′.

For each case, the starting value of V 0 is generated by V 0(k, z) = k̄× [α/(1 − αβ)] × (
√
k+

√
z)16.

k̄ is the average of the grid points of k, and the starting value p0 is the optimal policy hinged on

V 0. We have equal weights across states17. Table 6 displays the simulation results. Unlike the

discrete case in Section 5.1.3, here (V 0, p0) does not change with a random-generated sample – in-

stead, they are fixed across different repetitions. Hence, there are small variations in elapsed time,

rendering the inclusion of time-spread unnecessary. Thus, we carry on R = 10 total repetitions.

When calculating exact p, we use parallel computing across ten cores to speed up.

Table 6 illustrates that our approximation method also provides computational gains in the stochas-

tic growth model. The errors of approximation are calculated via maxr∈R(1/|X|)×
∑

x∈|X| |V −V ∗|

and maxr∈R(1/|X|) ×
∑

x∈|X| |p − p∗|. Having an approximating Ṽ in stochastic growth reduces

the elapsed time. The computational gain from (ii) to (iii) mainly comes from eliminating all the

constraints – for example, in Model 3, given ph, the elapsed time for solving Ṽ h+1 is around 140

seconds, around 35% of the time for linear programming18. However, as discussed in Section 4.2,

the infinite derivative of V near 0 would be hard to capture by a finite-degree polynomial, which

is reflected by the non-negligible approximation error of V in both (ii) and (iii) for Model 3, for

instance. Hence, we did not refer to V approximation for Model 4. For method (vi), even when the

component-wise calculation of p is paralleled, our unconstrained concave optimization still outper-

forms Howard’s policy iteration while still keeping a precise approximation to both V and p.

Besides the computational gain in the elapsed time, our method would be robust to linear pro-

gramming due to its concavity nature. The advantage of concave or convex optimization leads to

a good approximate solution even when the exact optimizer γ may be hard to obtain from some

p. To put it differently, stopping after a fixed h̄-step of (16) would not jeopardize our Algorithm 2.

However, the simplex method of linear programming does not guarantee an approximation close to

the true solution after h̄ steps. This robustness helps the algorithm to proceed when the current p

16. The concavity of our method renders a good starting value unnecessary, though the elapsed time would depend
on where we begin.

17. In this case, the stationary distribution π(xi) would only have positive values for a few states, rendering inade-
quate emphasis for the overall approximation.

18. The overall elapsed time does not include such an improvement because (iii) takes more iterations to converge
in this case.
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makes it hard to solve for Ṽ 19.

In p approximation, we obtain a continuous function over a discrete state space xt = (kt, zt). p̃ = Φα

needs not exactly falls into a grid point. To accommodate the discretized states, we interpolate the

value following (5.2) below. For a current state kt
20, a continuously-approximated policy p̃ gives

kt+1 = Akν
t + (1 − δ)kt − ct. Then V (kt+1) on the discrete grid is interpolated as,

V (kt+1) =


xkt+1 − kt+1
xkt+1 − xkt+1

× V (xkt+1) +
kt+1 − xkt+1

xkt+1 − xkt+1

× V (xkt+1), if xkt+1 ̸= xkt+1

V (xkt+1), if xkt+1 = xkt+1

where xkt+1 is the smallest point that is larger than kt+1 where V are evaluated and xkt+1 is the

largest point that is smaller than kt+1.

6 Conclusion

This study develops an alternating unconstrained concave optimization approach for dynamic pro-

gramming approximation to alleviate the computational burden. We start from the linear program-

ming in de Farias and Van Roy (2003) and demonstrate that the constraints in linear programming

can be eliminated after a re-construction of the objective function. We show that our alternating

steps are hill-climbing under some proper restrictions with guaranteed convergence to a fixed-point

solution. Moreover, our approximation can be combined with the polynomial approximation and

smoothing log-sum-exp techniques (Kristensen et al., 2021) to provide further computational gains.

Our method is compatible with a vast range of dynamic programming, which we illustrate with

two common examples – discrete-choice bus engine replacement problem and stochastic growth

model. In both cases, Monte Carlo simulations demonstrate our method’s superior performance in

computational efficiency.

Several important issues are remained open and waiting for further investigations. For instance,

we can extend our algorithm into the case with continuous state space X. For instance, we define

19. In simulations, we encounter the cases with high-dimensional states when (iii) in Table 1 and (ii) in Table 5
cannot move on since intermediate linear programming does not converge, which are not included in Table 6. This
convergence problem would be largely alleviated when Algorithm 2 is in place.

20. Remember that zt evolves independently from pt or kt.
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Name Explanation
(i) Howard’s1 Following the textbook example in Ljungqvist and Sargent

(2004). Given the current ph = ch(k, z), V h+1 is calculated
by directly inverting the system such that, V h+1 = (I|X| −
βFp)−1Up. State k are fully discreticized. ph+1 is then solved
by maximizing over those discrete grid points component-
wise. Iterating over ph and V h until convergence.

(ii) LP Approximation Ṽ = Ψγ. We use degree-4 multivariate B-spline as basis Ψ2.

(iii) Algorithm 2 with Ṽ Ṽ = Ψγ. With the given Ṽ , p is optimized component-wise.
Same polynomial basis Ψ as (ii).

(iv) Algorithm 2 with p̃ p̃ = Φα. The basis Φ is degree-2 B-spline3. And with p̃,
calculate the implied V exactly as V = (I|X| − βFp)−1Up.
Shape restrictions discussed in Section 4.2 are imposed.

Models Specification

Model 1 zt = {0.5, 1}. kt = {0, 0.02, 0.04, · · · , 15}. Number of states
= 1502.

Model 2 zt = {0.5, 0.6, · · · , 1}. kt = {0, 0.01, 0.02, · · · , 15}. Number
of states = 9006.

Model 3 zt = {0.5, 0.55, 0.6, · · · , 1.5}. kt = {0, 0.01, 0.02, · · · , 15}.
Number of states = 31521.

Model 4 zt = {0.5, 0.53, 0.56, · · · , 1.5}. kt = {0, 0.01, 0.02, · · · , 18}.
We have high-dimensional case with the number of states =
61234.

1 We do not test or record the elapsed time from fixed point iteration for Example 2 because unlike (i)
in Table 1, we do not have that analytical integrated value function. Instead, for each V h, we need to
calculate p numerically, which is extremely time-consuming.

2 Here we use a B-spline with knots (0, 0.01, 0.1, 0.25, 0.5, 0.75, 0.9, 0.95, 1)′ as Ψ. In contrast with the
discrete choice, the irregular infinite derivative of CRRA induce higher challenge in V approximation,
as discussed in Section 4.2.

3 Here we use a B-spline with knots Φ. Policy p, on the other hand, can be approximated well with
lower-dimensional polynomials.

Table 5: Methods entering into the comparison for stochastic growth model.
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Model 1 Model 2 Model 3 Model 4

(i) Howard’s Time Average 4.48 142.5 2161.4 15176.0

(ii) LP Approximation
Time Average 2.13 37.74 1378.1 -

Error in V 0.0102 0.0147 5.3989 -
in P 0.0004 0.0008 0.0096 -

(iii) Algorithm 2 with Ṽ

Time Average 2.41 63.19 1060.6 -

Error in V 0.0044 0.1197 5.2417 -
in P 0.0073 0.0110 0.0234 -

(vi) Algorithm 2 with p̃

Time Average 9.48 91.36 941.7 5407.5

Error in V 0.0132 0.0121 0.0018 0.0008
in P 0.0073 0.0110 0.0065 0.0046

Table 6: Elapsed time and approximation error for the stochastic growth model in Table 5.

m̃(p, V ) = infx H(p, V )(x), and the objective function becomes

L̃(α, γ) =
∫
w(x)T (Φα,Ψγ)(x)dx+ β(1 − β)−1m̃(Φα,Ψγ) (25)

where
∫
w(x)dx = 1 and w(x) ≥ 0 almost everywhere.

(25) is infeasible with only finite computer memory available. For a feasible version of the prob-

lem, Kristensen et al. (2021) considers taking a sample of states, {xi}N
i=1, from the conditional or

unconditional distribution of x. Define mN (p, V ) ≡ minxi H(p, V )(xi). Then, Algorithm 2 can be

applied to

L̃N (α, γ) ≡ 1
N

N∑
i=1

T (Φα,Ψγ)(xi) + β(1 − β)−1mN (Φα,Ψγ). (26)

Other extensions include endogenizing the choice of basis functions. In either of our two examples,

the choice of basis functions or the knots in the B-spline is motivated mainly by the prior knowledge

of V ’s rough shapes. When such information is unavailable, the choice of basis may need further

scrutinizing. Other directions may be to find a theoretical-justifiable way to properly choose the

state-relevance weights w for a better overall approximation accuracy or incorporate our approxi-

mation into the estimation of structural parameters θ21 or unobserved heterogeneity in Arcidiacono

21. The estimation of the structural parameters is currently beyond the scope of this paper. For dynamic discrete
choice, while our approximation is ready to replace the fixed point iteration on NFXP (Rust, 1987), it is hard to
incorporate into the computationally-efficient NPL estimator in Aguirregabiria and Mira (2002). A potential reason
is that in an NPL iteration, one only needs to invert the system once for different candidates of structural parameters,
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and Miller (2011).

significantly reducing the computational gain. On the contrary, one needs to calculate an unconstrained optimization
for every candidate for approximation.
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Appendix A. Proofs Omitted in the Main Text

Proof of Proposition 1

Proof. Proposition 1.1 is a direct result from Assumption 1 under the definition of H(p, V ). Propo-

sition 1.2 and 1.3 are directly from the definition of H(p, V ) and T (p, V ) in (1). The derivative of

H(p, V ) to V can be obtained directly from (1), which constitutes Proposition 1.5.

For Proposition 1.4, to show that H(p, V ) is inverse-antitone, we refer to the lemma below, which

was originally in Moré (1971).

Lemma 4. (Moré (1971), Lemma 3.3) Let F : D ⊂ Rn → Rn be convex and continuously dif-

ferentiable on convex set D0 ⊂ D. If F ′(x)−1 ≥ 0 for x in D0, then F is inverse isotone on D0.

Conversely, if F is inverse isotone on D0, then F ′(x)−1 ≥ 0 for each x in the interior of D0.

Moré (1971)’s proof is for inverse-isotonicity of convex functions. Similar result of inverse-antitonicity

for concavity can be obtained directly by flipping the inequality in (3.1) of Moré (1971) and change

the assumption from F ′(x)−1 ≥ 0 to F ′(x)−1 ≤ 022. All other conditions are satisfied for H(p, V ).

Note that, fixing the current value of p, dH(p, V )/dV ′ = −(I|X| − βFp) by Proposition 1.5. With

β < 1, this matrix is diagonally dominant with positive diagonal and non-positive off-diagonal

elements – thus, an M-matrix. Moreover, dH(p, V )/dV ′ is nonsingular with (dH(p, V )/dV ′)−1 ≤ 0,

which is clear from the Neumann series representation: −(I|X| − βFp)−1 = −
∑∞

t=0(βFp)t. Then

the conditions for Lemma 4 is satisfied. That is, H(p, V ) is inverse-antitone in V .

Proposition 1.6 follows from,

H(p, V + kι) = T (p, V + kι) − (V + kι) = Up + βFpV − V + βFpkι− kι

= H(p, V ) − (1 − β)kι

The last equation follows since Fp has its row elements summed up to 1 and thus, Fpι = ι.

Proof of Proposition 4

Proof. Proving Proposition 4.1 is direct. Firstly, the parameters α and γ are linear functions in

generating V and p. Secondly, Gao and Pavel (2018) has shown that the smoothing in (14) is a

22. By flipping the inequality, (3.1) in Moré (1971) becomes F y − F x ≤ F ′(x)(y − x), or F ′(x)−1[F y − F x] ≤ y − x.
Since F ′(x)−1 ≤ 0, F y − F x ≤ 0 infers y − x ≥ 0.
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convex function with respect to inputs23. Therefore, the concavity of V and p regarding L(·) in

Proposition 3.2 would not change with the inclusion of polynomial approximation and the log-sum-

exp smoothing techniques for minimization.

To prove Proposition 4.2, we want to show that the fixed point (p̃, Ṽ ) from L̃(·) would converge to

the fixed point (p̄, V̄ ) from exact minimization L̄(·). By the uniform error bound (3), we know that

L̃(·) converges uniformly to L̄(·). Define a projector Γ that transforms V h−1 to its next iteration

as Γ(V ) and Γσ(V ). The fixed point of value function solved from a σ-smoothing approximation is

Ṽσ.

We proceed on the proof following two steps. Firstly, we show that as σ → 0, we have Γσ(V ) → Γ(V )

for all V ∈ V. Secondly, we prove by contradiction, that as σ → 0, the fixed point solution Ṽσ

converges to the fixed point V̄ of the exact problem.

To show that Γσ(V ) → Γ(V ) for all V ∈ V, we refer to the consistency proof of extreme estimator

with a concave objective function as in Newey and McFadden (1994). We need to verify that the

assumptions required for Theorem 2.7 in Newey and McFadden (1994) are satisfied. When V h−1

is projected into the next iteration, firstly the implied policy function is calculated. For a given

V h−1, the policy function solves p̃ = arg maxp L̃(p, V h−1) or p̄ = arg maxp L̄(p, V h−1), where V h−1

can be considered as a set of parameters determined outside the optimization. If the policies are

CCPs that can be calculated analytically like in Example 1, we would have p̃ = p̄.

If not, we need to verify that p̃ → p̄ by showing all the assumptions satisfied for Theorem 2.7 in

Newey and McFadden (1994). For any V h−1, by assumptions in Proposition 4, L̃(p, V h−1) is a

concave function on p. L̃(p, V h−1) → L̄(p, V h−1) for all p ∈ P, as suggested by the error bound

of log-sum-exp approximation in (15), where for a finite |X|, the approximation error goes to 0 as

σ → 0. Therefore, all the assumptions for Theorem 2.7 in Newey and McFadden (1994) hold and

p̃ → p̄ as σ → 0.

With the updated policy at hand, V h is calculated through optimization arg maxV h L̃(p̃, V h) and

arg maxV h L̄(p̄, V h). Following the similar logit as above, with p̃ → p̄ and σ → 0, we have all the

assumtpions for Theorem 2.7 hold and Ṽ h → V̄ h, or Γσ(V ) → Γ(V ).

For the second part, suppose instead, fixed point Ṽσ converges to V̂ that is different from V̄ with

23. Following a similar logic, one can show that the corresponding log-sum-exp for minimization is concave.
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||V̂ − V̄ || ̸= 0. By the definition of convergence, for a fixed radius ϵ1 > 0, there exists a σ1 such

that for all σ ≤ σ1, there is ||Ṽσ − V̂ || ≤ ϵ1/2. Thus, for those σ, Ṽσ is different from V̄ . Then

by the assumption that V̄ is the only fixed point for Γ(V ), Ṽσ is not a fixed point for Γ with

||Γ(Ṽσ) − Ṽσ|| = ϵ2 > 0. Also because Γσ(V ) → Γ(V ) for all V , there exists a σ2 > 0 such that for

all σ ≤ σ2, ||Γσ(Ṽσ)−Γ(Ṽσ)|| ≤ ϵ2/2. Then for any σ <= min{σ1, σ2}, by the triangular inequality,

we have,
||Γσ(Ṽσ) − Ṽσ|| = ||Γ(Ṽσ) − Ṽσ + Γσ(Ṽσ) − Γ(Ṽσ)||

≥ ||Γ(Ṽσ) − Ṽσ|| − ||Γσ(Ṽσ) − Γ(Ṽσ)||

≥ ϵ2 − ϵ2
2 = ϵ2

2 > 0

which is contradicted with the assumption that Ṽσ is a fixed point under the projector Γσ. Thus,

the fixed point sequence Ṽσ would not converge to a different point from V̄ . Or in other words,

Ṽσ → V̄ as σ → 0.

Proof of Proposition 5

Proof. Proposition 5 is proved by applying the similar logic of the proof for Lemma 2. Firstly,

there is,

H(p, V + (1 − β)−1{max
x

H(p, V )(x)}ι) = H(p, V ) − {max
x

H(p, V )(x)}ι ≤ 0 (A.1)

By Lemma 1, we have Vp ≤ T (p, V ) ≤ V whenever H(p, V ) ≤ 0. Combined with the expression of

L(p, V ) in the proof of Proposition 3(i), we can write L̂(p, V ) in (23) as L̂(p, V ) = T (p, V + (1 −

β)−1{maxxH(p, V )}ι). Then consider the polynomial approximation Ψγ of value function with

K < |X| and the smoothing technique in (14) and (15), there is,

Vp ≤ L̂(p, V ) ≤ w′T (p, V ) + β(1 − β)−1σ ln
(∑

x

exp{σ−1H(p, V )}
)
, for a fixed V (A.2)

And minV L̂(p, V ) ≤ minγ L̂(p,Ψγ) since Ψγ contains less flexibility in optimization. Thus, having

polynomial approximation or smoothing technique would not hurt the upper bound constructed by

(23) for Vp.
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Appendix B. Simulations for Choices of w and σ

Figure B.1 contains two approximations from the different data-generating processes. We fix

σ = 0.0001. Case 1 follows the baseline setting in Section 5.1, while case 2 expands the state

space but does not change the flow utility, leading to near-zero stationary probabilities for large

states. Specifically case 2 contains states {0, 1, 2, · · · , 499} with the same θ∗.

Figure B.1 experiments among different choices of w regarding the approximation quality. The

legends in Figure B.1 Panel (c) refers to – (1) Marginal: wi = πi; (2) Equal: wi = 1/|X|;

(3) 0 to 250: wi = 1/|X| if state i ∈ {0, 1, 2, · · · , 250}, and wi = 0 otherwise; (4) 251 to

499: wi = 1/|X| if state i ∈ {251, 252, · · · , 499}, and w = 0 otherwise; (5) 401 to 499: wi =

1/|X| if state i ∈ {401, 402, · · · , 499}, and w = 0 otherwise; (6) 450 to 499: wi = 1/|X|

if state i ∈ {450, 451, · · · , 499}, and w = 0 otherwise; (7) 481 to 499: wi = 1/|X| if state

i ∈ {481, 482, · · · , 499}, and w = 0 otherwise; (8) Inverse Marginal: w is the inverse of the station-

ary distribution probability. Similar notations apply to Panel (a) for case 1.

In Figure B.1, (a) and (c) indicate how precise the approximation is towards the value function,

while (c) and (d) contain the corresponding stationary distribution of states. Although the approx-

imated Ṽ is robust to the w in case 1, having wi = πi in case 2 may generate bias for V, a direct

result from (d) since πi ≈ 0 for large states. However, this may be harmless in real applications

since if πi ≈ 0 for some large x, we would not observe those x and would not have such discretiza-

tion. Moreover, (c) in Figure B.1 confirms the claim in de Farias (2002) that those states with

πi ≈ 0 need to be emphasized for a better overall performance of approximation. In our simulation,

wi that only emphasizes the states 401 to 499 still leads to a precise approximation over the entire

profile of V .

Figure B.2 illustrates the behavior of σ-smoothing, holding w(xi) = π(xi). Figure B.2 (a) contains

the V approximated for case 1, and (b) shows an alternative case 3 with θ∗ = (20,−1)′, and state

space {0, 0.25, 0.5, 1, · · · , 800}. Figure B.2 illustrates that the approximation quality varies with the

choice of σ, confirming the conjecture in Section 5.1.2 that a σ that is too large or too small would

be problematic. Therefore, in the simulations below, we fix the σ with σ = 0.001 or σ = 0.0001.
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(a) Approximated value function, case 1. (b) πi, case 1.

(c) Approximated value function, case 2. (d) πi, case 2.

Figure B.1: Simulations for the choice of w, for a simulated sample.

(a) Approximated value function, case 1. (b) Approximated value function, case 3.

Figure B.2: The value function approximation regarding different σ.
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